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Abstract. We first prove a weighted inequality of Moser-Trudinger 
type depending on a parameter, in tiie two-dimensional Euclidean space. 
The inequality holds for radial functions if the parameter is larger than 
— 1. Without symmetry assumption, it holds if and only if the parameter 
is in the interval (—1,0]. 

The inequality gives us some insight on the symmetry breaking phe- 
nomenon for the extremal functions of the Hardy-Sobolev inequality, 
as established by Caffarelli-Kohn-Nirenberg, in two space dimensions. 
In fact, for suitable sets of parameters (asymptotically sharp) we prove 
symmetry or symmetry breaking by means of a blow-up method. In this 
way, the weighted Moser-Trudinger inequality appears as a limit case of 
the Hardy-Sobolev inequality. 



1. Introduction 
By Onofri's inequality on the sphere S'^, see for instance [T], we have 

(1) f e'^^-^Is^^'i^ da < e"^""^=^(s2.d<^) , 

for sdl u £ £ = {u £ L^{S'^,da) : \Vu\ £ L"^ {S"^ , da)} , where da denotes 
the measure induced by Lebesgue's measure on M'^ D S'^, normahzed so that 
Jg2da = 1. Using the stereographic projection from 5^ onto M^, we see 
that ([T|) is equivalent to the following Moser-Trudinger inequality on IR^: 



/ 



for all V = {v £ L'^(M?,dfi) : \Vv\ £ L'^{M?,dx)} where dfi denotes the 
probability measure 

dx 

7r(l + |x|2)2 • 

In this paper, we first generalize the above Moser-Trudinger inequality to 
the family of probability measures 

a + 1 IxP" dx 



dUc 



IT (1 + |x|2("+l))2 ' 
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for a > — 1, and investigate when the weighted inequahty 

holds for all v in the space 

£a = £ L^{R'^,dfia) ■■ |Vv| G L2(R^(ix)| . 

In section[2]we prove that ([2]) always holds for functions in £a which are radi- 
ally symmetric about the origin. Meanwhile, without symmetry assumption 
inequality dH) holds in £a if and only if a G (—1,0]. 

We use the above information to investigate possible symmetry breaking 
phenomena for extremal functions of the weighted Hardy-Sobolev inequality 
as established by Caffarelli-Kohn-Nirenberg (see ^3j), in two space dimen- 
sions : 

(3) ( I riL dx] < Ca,b [ n~r^ ^ ^ '^<i,b , 

2 

with a < b < a + 1 , p = , 

b — a 

Va,b = {\x\-^ue LP{R'^,dx) : \x\-^\Vu\ e L^{R^,dx)} , 

and an optimal constant Ca^b- Typically ^ is stated with a < (see [3]) 
so that the space Va^b can be seen as the completion of the space C^{R?) 
of all smooth functions on with compact support, with respect to the 
norm = || |x|~''u||p+ || |x|~"Vti||2. Actually ([3]) holds also for a > 
(see section [2]), but in this case "Da^b is obtained as the completion with 
respect to || • || of the set {u G C^{h?) : supp(n) C \ {0}}. We know 
that for 6 = a + 1, the best constant in ([3j) is given by Ca,b=a+i = 
and it is never achieved (see [H Theorem 1.1, (ii)]). On the contrary, for 
a < b < a + 1, the best constant in ([3]) is always achieved, say at some 
function Ua,b G ^a,fe that we will call an extremal function, but its value is 
not explicitly known unless we have the additional information that Ua^b is 
radially symmetric about the origin. In fact, in the class of positive radially 
symmetric functions, the extremals of ([3]) are explicitly known (see [Sl Hj) 
and given by a multiplication by a non-zero constant and a dilation of the 
function 

(4) <^{x) = {l + \x\-^^) 

See [3] for more details on existence and non-existence results and for a "mo- 
dified inversion symmetry" property based on a generalized Kelvin transfor- 
mation. Also we refer to \13\ \T2\ [TT] for further partial symmetry results 
about extremal functions. On the other hand, equality is achieved by non- 
radially symmetric extremals for a certain range of parameters (o, b) identi- 
fied first in [4J and subsequently improved in [9j . In fact those results provide 
a rather satisfactory information about the symmetry breaking phenomenon 
for Uafi when |o| is sufficiently large and also apply to any dimension > 3, 
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where inequality ([3]) reads as follows: 

withp = , = {\x\-'^u e LP(R^,dx) : |x|-|Vn| e 

L2(M^, dx)}, an optimal constant Cf^^ , and a, 6 G R such that a < (iV-2)/2, 
a < 6 < a + 1. Again we observe that inequality ([5j) makes sense also 
if a > {N — 2)/2 and a < b < a + 1, provided the functions are in 
the space given by the completion with respect to || • || of the set 
{u G C^{R'^) ' : supp(n) C \ {0}}. 

For > 3 and < a < (A^ — 2)/2, the extremal Ua,b of ([5]) (which again 
exists for every a < b < a + 1) is always radially symmetric (see [6], and 
for a survey on previous results see [4J). On the other hand, when a < 0, 
this is ensured only in some special cases described in [UllII]. Also see [131 
Theorem 4.8] for an earlier but slightly less general result. 

In this paper, we focus on the less investigated bidimensional case N = 2, 
and besides symmetry breaking phenomena, we explore the possibility of 
ensuring radial symmetry (which cannot be studied as in jl3l [T2t [llj ) for 
the extremal Ua,b according to an admissible range of parameters (a, b) (see 
in particular [131 Remark 4.9]). 

To this purpose we check in section [2?2] that Q (or more generally, dS])) 
holds for all a 7^ (or a 7^ (A^ - 2)/2 if A^ > 3) and not only for a < 
(or a < (N — 2) /2) as it is usually found in literature. In this way we can 
analyze radial symmetry of the extremal Ua,b of ([3]), in the range a ^ and 
for all b£ {a,a + 1). We find that if A^ = 2,' a / 0, 6 G (a, h{a)), with 

Ha) =a+^== , 
Vl + 

no extremal for ([3]) is radially symmetric. This result is inspired by [9], 
and it is even stated without proof for a < in |T2| lllj. Since as \a\ +00, 

< a + 1 - h{a) , 

it is reasonable to look for radially symmetric extremals when |o| is small. 
Indeed, we will show that, if a — > 0+, then h'_^_{0) = 2 (or if a — s- 0_, then 
h'_{0) = 0) gives the "sharp" slope of the ratio b/a that signs the transition 
between radial symmetry and symmetry breaking. That is, we identify two 
regions in the set of parameters a and b relative to which Ua,b is radially 
symmetric, or not. The precise statement of our result is as follows (also see 
Figure 1 below). 

Theorem 1. Let a 7^ and N = 2. 

(i) If a < b < h{a) = a + -^L^^ then ([3]) admits only non radially 
symmetric extremals. 

(ii) For every e > 0, there exists 5 > such that if \a\ G (0,5), b G 
(a, a + 1) and either b/a>2 + eifa>0, or b/a < —e if a < 0, 
then the extremals of ([3]) are radially symmetric, and given by a 
multiplication by a non-zero constant and a dilation of the function 
"atfe defined in 
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As a consequence of (i), we can contrast (ii) with the fohowing statement: 

(i') For every e > 0, there exists 5 > Q such that if \a\ e (0,5), h G 
(a, a + 1) and either h/ a < 2 — e if a > 0, or b/a > e if a < 0, then 
any extremal of ^ is not radially symmetric. 



b 
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Figure 1. Radial symmetry occurs in Region (ii). Optimal 
functions are not radially symmetric in Region (i), and in par- 
ticular in Region (i'). The angles 0i{5) and 92{S) are such that 
lim5_o+ 9kiS) = fork ^1,2. 

We will first prove (i') as a consequence of the weighted Moser-Trudinger 
inequality We emphasize that such an approach makes no use of the 
linearized problem around the radial solution (jj]) and could be helpful in 
other contexts. To prove the more complete result stated in (i), we use 
the Emden- Fowler transformation in order to formulate ([3]) (or more gener- 
ally dS])) as the Sobolev inequality on the cylinder M x 5^ (or more generally 
Mx S^~^). In this way we can analyze the linearized elliptic problem around 
the solution corresponding to @ and see in which case it yields to a "local" 
minimizer. We shall obtain precise informations about the linearized prob- 
lem in section [31 This will lead us directly to the proof of (i), and will be 
used also to handle part (ii) of Theorem [T] via a blow-up analysis. 

In concluding we wish to bring the reader's attention to a weighted Moser- 
Trudinger inequality on the cylinder M x 5^ (see Proposition I23lin section[5|). 
We believe that it helps to illustrate the nature of the symmetry breaking 
phenomenon analyzed here. 

2. A WEIGHTED Moser-Trudinger inequality and its connection 

WITH THE WEIGHTED HARDY-SOBOLEV INEQUALITY 

Consider the measure and the Banach space £a, a > —1, defined in 
section [TJ Here and from now on, ||f ||2 means ||f ||L2(R2,rfx)- 
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2.1. A weighted Moser-Trudinger inequality on M^. 

Proposition 2. Let a > —1. For all v £ Ea, there holds 

(6) / e^-/M2 ^ '^z^- dfia < e ig-("+^) (11^^112+" II 7 9ov Hi) ^ 



Proof. We use polar coordinates in ~ C. For x G M^, we let x = re*^, 
r > 0, G [0, 27r). We also consider cylindrical coordinates in M^, so that for 
(y, z) e X M, we let y = pe*^, p>0, 6 £ [0, 27r) and z gM. In this way 
we can write M.^ D S'^ = {{pe''^,z) : p'^ + z'^ = 1 and 9 e [0, 27r)}. We recaU 
that the inverse Sq of the usual stereographic projection from S'^ onto is 
defined by 

So(re-)=(pe-.) = (^,^J^ 

If li is defined on S"^ , then = n o Sq is defined on and for any continuous 
real function / on R, we have 

vr / f{u)da= f —^^j^r-^rdx and An [ \Vu\^ da = [ \Vv\^ dx 
Js^ Jr^ (1 + kl ) Js^ Jr^ 

whenever f(u) and |Vup belong to L^{S'^). 

In order to prove the proposition, we are going to use the inverse of 
a dilated stereographic projection given for all a > —1 by the function 
E„ : ^ S"^ such that 

/ 2r.°+ie*^ r-^(°+^)-l\ 

^"(^^* ) = L +^2{a+l) ' 1 + r2{a+l) ) " 

Note that for any r > 0, 6* G [0,27r), S„(re*^) = So(ri+"e*^) and, for any 
/>> 0, 6* G [0,27r) and z G [-1,1], 

Now, if / is a continuous real function on M, f{u), \Vu\'^ G L^{S'^) and 
V = u o Tia, then an elementary computation (see the Appendix) shows 
that 

f{u) da = I f{v) dfia , 
52 Jr2 



Air [ \Vu\^ da = I ( \Vv\^ + a (a + 2) 
Js2 a + 1 



-dgv 
r 



dx . 



The result follows from Onofri's inequality ([T]). □ 

Notice that we will recover Onofri's inequality as a consequence of Propo- 
sition [7] and the symmetry result of Theorem [H (ii). See Remark [8] for 
details. 

Corollary 3. //a G (—1,0], then ([2|) holds true for any v G £a- 

Proof. It is an immediate consequence of Proposition [5] since for a G (—1,0], 
we have a (a + 2) < 0. □ 

This result is optimal. While ([2]) remains valid for all a > —1 among 
radially symmetric functions (about the origin), it fails in £a for a > 0: 
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Proposition 4. If a > 0, then inequality ([2|) fails to hold in £a. 

Proof. Let us exhibit a counter-example to ([2]), which is vahd for all a > 0. 
For any e G (0, 1), let us consider the function : — > M defined by 



2Vr_ 



log ( ) if |x - x| < 1 



log ( ) if |x - x| > 1 



where x denotes the point (1,0). For this function we can calculate the 
various terms of ([2]). 

First we compute the l.h.s., and see that 



7r2 + tt 



2 



where 



£ 



\x-x\<l [ I _^ vr |i^|2 



and Act = j\x-x\>i "^Z^" is finite for all a > —1. Now, by the change of 
variables x = x + ^fsy and dominated convergence, we find 

1™ / \ ^ , ,..2 . '^v 



^-o4|<i (l + |x + V^y|2("+i))^(l + 7r|y|2)2 4. J ^2 (l + 7r|y|2)2 ' 

So, for the function tig, the l.h.s. of ^ satisfies 



lim fiaie^^") = lim Iq-,, 



a + 1 



Next we compute the r.h.s. of ([2]), that is 4^ (a+i) ll^^elll + ^ f^a{ve) and 
see that 

iivT ii2 . 1 + 47r2 
Vt', ^ = 47r log - 

and 

2/^a(w£) = + log 



(e + ^)2 ' 

where 

= / log ( 1^ TJaTf ) c^Mo 

Using Aa = l- ij^_5;|<i dfia, we get 



2/.„(..)=log^^^+i?.,,, ^",e = ^^_^^^^log^^^^|^__|J 



2 



Hence 



hni Ba,e = I log ( 1^ '^^i^ ) d/Uo 

|a::-z|<l 



^ 'I'^VeWl + 2 fia{vs) = -^—ioge + 0{l) as e^O, 



47r(a + l) " ' --"^-^ l + a 

and comparing with the estimate above, we violate ^ for e > small 
enough. □ 
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2.2. The weighted Hardy-Sobolev inequahty. The range in which in- 
equahties ([3|) and ^ are usuahy considered can be extended as follows. 

Lemma 5. If N = 2, then inequality (j3]) holds for any a ^ and b such 
that a < b < a + 1. If N > 3, then inequality ([5]) holds for any a 7^ {N — 2)/2 
and b such that a < b < a + 1. 

Proof. We use Kelvin's transformation and deal with the case N = 2. If 
£ ^a,f)5 then v{x) = u is such that |V^;| G L'^(M?,dx). Hence, 

for a > 0, 6 S (a, a + 1], define a' = —a, b' = b — 2a G (—a, —a + 1] and 
apply ([21) to the pair (a', b') with p = 2/(6' — a') to obtain 

f f W f |VvP 

Now, we make the change of variables y = and get 

jR2 \\yr "p J Jr2 \y\ ^« 

Thus we arrive at the desired conclusion with Ca^b = Ca',b'-, since 

A-b'p = bp, -2a=2a and p = 2/{b' - a) = 2/{b - a) . 

Similarly in dimension > 3, argue as above with a = N — 2 — a' , bp = 
2N - b'p and p = 2N/{N -2- 2{b' - a')) = 2N/{N - 2 - 2{b - a)). □ 

Surprisingly, the case a > if = 2, or a > {N — 2) /2 \i N > 3, has 
apparently never been considered. According to our argument, it requires 
to define with care the space Va,b. Indeed if a function u G C;?°(M^) n Va,b 
for a > {N — 2)/2, N >2, then u must satisfy n(0) = 0. Although optimal 
functions for inequality a > {N — 2)/2, N > 2, have not been studied, 
it has been noted in [H Theorem 1.4] that whenever u > satisfies the 
corresponding Euler-Lagrange equations, then, up to a scaling, it satisfies 
the "modified inversion symmetry" property, that is, there exists r > such 
that 

u{x) = — 

T 

The transformation u ^ Ixp*-^"^"^"^ n(x/|xp) is sometimes called the gen- 
eralized Kelvin transformation, see e.g. [6]. The modified inversion symme- 
try formula can be shown for an optimal function u using the fact that v 
given in terms of u as in the proof of Lemma [5] is also an optimal function 
for inequality ([5]), with parameters a', b' . 

2.3. The Moser-Trudinger inequality as a limit case of the weigh- 
ted Hardy-Sobolev inequality on M^. We now relate inequalities ([2]) 
and dSj). In this section, we will only consider the case a < 0. The case 
a > follows by Lemma [5l 

For N = 2, a > —1, e S (0,1), let us make the following special choice of 
parameters: 

e 2 
(a + 1) , b = a + e and p = - . 



1 — e e 
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Let Us = u^i^^ be given in that is 



We consider the functions 



2/e 



\VUe 



and the integrals 



fs dx and Ag 



Qe dx . 



Straightforward computations show that 



1 2a 



.2 (l + |a;|2{i+"))^ kP*^ 



dx 



^|2(2Q+l-a) 



(is 



2 

1-e 



(1 + |x|2(l+"))" 

Notice that we can use Euler's Gamma function T{x) = s^'~^ e~* ds, and 
on the basis of the weh known identity: 

r(a)r(6-a) 



deduce for A^ the following expression: 

r(f5f)r(T^) 



Ap = 47r a 



Lemma 6. Let ao > —1, v G C^{E.'^), We = (1 + ev)iie. With the above 
notations, we have 



1 



dx 



1 + euU 



and, as e ^ 0, uniformly with respect to a'> a^, 



/l|2 fe dx 



1 2a 



8(l+a)2 



2/e 

V 



R2|X 



|2{a-ci) 



dx + / iVup dx + ©(a^e) 



Proof. By definition of ^e, we can write 



f \^Wer , , I' ^, ^ dx of 

L-Tj^dx = Xs + 2e Vus-Viusv)-^ +e' / 

JR2 |X| JlR2 |X| Jjj 



(I) 

A simple algebraic computation shows that 

Using d?]) and an integration by parts, we obtain 

4a2 



(11) 



l|^|2(a-a) 



(I) 



|^|2{a-a) _ 
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As for (II), we expand |V(net')p and write 



(11) 



I VUep + Ue y{v^) ' Vlie + li^ | Vt;| 



dx 

\rr\2a 



where the first two terms can be evaluated as above using ^ and an inte- 
gration by parts. Hence, 

4a2 



dx 



\X 



2a 



To complete the proof we just remark that the function 



uniformly bounded for a > uq > —1. 



□ 



For a given a > —1, we now investigate the limit as e ^ 0. We prove 
that inequality ([2]) is a limiting case of inequality ([3]) , whenever ^ admits 
a radially symmetric extremal for any e small enough. In such a case, we 
can write ^ as follows: 



(8) 



1 



\w\- 



bp 



dx < 



\Vw\ 



K2 F 



2a 



■ dx 



1/e 



Thus, if we take w = = {1 + ev)us, then we have: 



1 



l^e JR2 \ X 



dx<{l+ 



A^L (i-e)S jR2|^|2(a-<.) «2;+j]g2 |3,pa ax \^ j +U{a e } 



2/ 



1/e 



In particular, observe that 

fedx a + 1 
/r2 fe dx vr 



rrp" u^"^ dx ~ dfi^ix) 



as e 



Proposition 7. Let us fix a > —1 and suppose that there exists a sequence 
(e„)„gN converging to such that the radial extremal function u^^ is also 
extremal for ([3j) with {a,b,p) = {an,bn,Pn) specified a follows, 



Pn = — 

en. 



1 — Er 



(a + 1) , bn = an + En 



Then the weighted Moser-Trudinger inequality ^ holds true on £a. 
Proof. As n ^ cxD, we have 



\e,^ = 47r |o„| + 0{En) 



a + l 



+0(1). 



Using Lebesgue's theorem of dominated convergence repeatedly and Lem- 
ma E] for any v G C^{M?) and Wg^ = (! + £„ v) u^^, we have 



1 



Pn 

dx 



n , 1^ fendx 

\1 + EnV\^ri 



A. 



IR2 \X 



2a„ 



dx = 1 + En 



/k2 fen dx 
2v dfia + 



e^'' d^a , 



1 



4(1 + a)7r 



^vg]+0{El) 



as n — > +00. The proposition follows by applying inequality ^ with 
{a,b,p) = {an,bn,Pn)- By density we can finally choose v in the larger 
space £a- D 
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Remark 8. Incidentally let us note that if we temporarily admit the re- 
sult (ii) of Theorem {1\ then we find a sequence of optimal functions as re- 
quired by Proposition In particular, for a = 0, this gives a proof of the 
Moser-Trudinger inequality on M? as a consequence of inequality ([3]). Us- 
ing the inverse T,q of the stereographic projection, this also proves Onofri's 
inequality ([T]) on S'^. 

Let us now consider another asymptotic regime in which a ^ oo. 

Proposition 9. // (en)neN CLiT-d (an)neN two sequences of positive real 
numbers such that as n ^ +oo, 

hm e„ = , hm a„ = +oo and a„ = — - — - — (1 + a„) 0_ , 

then for n large enough, the radially symmetric extremal u^^ cannot be a 
global extremal for inequality Q . 

Proof. We argue by contradiction and assume that dS]) holds with respect 
to the given choice of parameters. By definition of Ae„, k^^, and Lebesgue's 
theorem of dominated convergence, we know that 

lim -j^^ = 4tt and hm (a„ + 1) k^^ = vr . 
If w G C^(IR^), then by a direct computation, we find: 

.27r .+00 (l + env(rcos9,rsme)f^'" 
= {an + l) / r^^^+^A ^ , ^' drd9 

Jo Jo _)_ j.2(«„ + l)^ l-e„ 

= / / {l + £nvit^+^ cose, t^+^sm9))^''" dtd9. 

Jo Jo (l-|-t2^i^E„ 
We pass to the limit as n ^ +00 and obtain: 

lim J- [\^^^4±^^dx = i re-(™— rr^. 

n^+^Ke„h2 \x\^-P-^ TT Jo Jq {I + t^f 



2vryo 



Analogously, 

(a„ + l) / 



" vdx 



' \x\^~ 

R2 (1 + |2:|2{l+an))^ 

l + En 

^0 (i+t2)r^ 



(a„ + 1) / ^""" 2 — d.x 



/.27r /.+00 1 1 

/ / — v{t COS 9, t^n+i sin 9) dtdd . 

Jo Jo n ^f2\T^ 
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By Lemma [6l we see that 



V dx 



1 + an/ \ X 



and so 

n^+oo VAe„ 71.2 |x|2«" y 

Hence the vahdity of dH]) would imply that for all v € C^{M?), there holds: 



27r io 



But this is clearly impossible, since such an inequality is violated for in- 
stance by the function v{x) = v{xi,X2) = x1r]{x), with rj a standard cut-off 
function such that r/(x) = 1 if |x| < 1, r/(x) = if |x| > 2. □ 

3. Symmetry breaking 

This section is devoted to the proof of Theorem [H (i). We start by estab- 
lishing Property (i'), which is weaker, but it follows as an easy consequence 
of the results of section El 

3.1. Proof of Property (i'). By Lemma[5]and Kelvin transformation, we 
can reduce the proof to the case a < 0. Let us argue by contradiction and 
assume that there exists eo G (0) 1); — > 0_ and 6„ such that £o < ^ < 1 
and Ua„,b„ is radially symmetric. Set e„ = 6„ — > and define 
such that a„ + 1 = — a„ (1 — en)/£n- Notice that e„ — > 0+ while Un + 
I = an - an/ {hn - an) = an - (bn/an - > an + (l - eo)~^. Hence, 
lim inf„^+oo On > ao = £o/(l — £o) > 0. But this is impossible since it 
contradicts Proposition [9] in case lim inf „_»4.oo = +oo, or Propositions [H 
and [3 if lim sup„^_|_oc a„ < +oo; and we conclude the proof of (i'). 

3.2. Proof of (i) of Theorem [H It is well known (see [1]) that by means 
of the following Emden- Fowler transformations: 

(9) t = log|x|, = -^^eS^-^, w{t,e) = \x\^^^^ v{x) , 

inequality dS]) for u is equivalent to the Sobolev inequality for if on Mx S^~^. 
Namely, 



I^IIlp(RxSJV-I) - '~'a,b 



for It; G i?^(]RxS'^~i), withp = 2 N/[{N-2)+2 (b-a)] and the same optimal 
constant as in ([5]). This inequality is consistent with the statement of 
Lemma O as it makes sense for any a ^ {N — 2)/2, independently of the 
sign of - 2 - 2o. 
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For N = 2, the inequality holds for functions w = w{t, 6) defined over the 
two-dimensional cylinder C = x ^ (M/27rZ), i.e., such that w{t,-) is 
27r-periodic for a.e. t S M. The inequality then takes the form 

(10) ll^^llipfc) ^ C +2/p (\Nw\\l2(c) + IHlhic)) V u; G H\C) 



LP{C) ^'^a,a+2/p \^ II V ^2 (c) " II'^IIl2(C) 

for all a 7^ and p > 2. Here Ca^b is the optimal constant in ([3|) which enters 
in ([ini) with b = a + 2/p. 

For any a ^ and p > 2, inequality (llOp is attained at an extremal 
function Wa,p G H^{C) which satisfies 



(11) 
and such that 



— {wtt+wgg) + a'^w = wP ^ in ]Rx[-7r,7r] 
w > , w{t, •) is 27r-periodic V i G M , 



where the functional 



ll^llip(c) 



(12) 



is well defined on H^{C) \ {0}. Moreover, according to we can further 
assume that 

( Wa,pit,e)=Wa,p{-t,e) VtGR, 0e[-7r,7r), 
%^(t,^)<0 Vt>0, yee[-n,Tr), 

maX]Kx[-^,,r) Wa,p = Wa,p{0,0) . 

This symmetry result is easy to establish for a minimizer, but the mono- 
tonicity requires more elaborate tools like the sliding method and we refer 
to [1] for more details. For a solution of ([TT]) which does not depend on 9, 
the conditions in ()12p allow to determine its value at simply by multi- 
plying the ODE by wt and integrating from to oo. In fact, in this way, 
one deduces the relation: a^tt;^(0)/2 = wP{0)/p, which uniquely determines 
w{0) > 0. In turn this yields to the following unique ^-independent solution 
for ([TT]) and (fT^: 

-2/(p-2) 



cosh ( a t 



as a consequence of the classification result in [4j. Such a solution is an 
extremal for (llOp on the set of functions which are independent of the 6- 
variable, and 

II * iiP-2 ■ r -T^ff, ... -Tr*(f\ ll-^'llj^W "^"^ II-^IIl2(M) 

\\w„ „\\Tvriis\ = mf T ij) with T if) = ii'ii^ —. 

II a,pllLP(M) ^e^,i(M)\{0} 

For simplicity, we will also write J-{f) = {ttY""^^^ J-*{f) for all functions / 
which are independent of ^. As a useful consequence of the above consider- 
ations, we have the following result. 
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Lemma 10. Let p > 2. For any a 0, 

P pi 

{Ca,a+2/p)~'^ = \\wa,p\\lp(c) - \\K,p\\%(^c) =4vr(2a)~ (ap)i^Cp 
where Cp is an increasing function of p such that 

Cr, ^ as p — > 2+ , 

(13) 

As a consequence, if a = a{p) is such that limp_»oo ci{p)p = 2 (q + 1), then 
(14) lim p [ |<(p),prdx = 8(a + l). 

Proof. Observe that 

p p p 

\\Wa,p\\lp(C) = (Ca,a+2/p) = {J^{Wa,p))~ < (-^(w^a,p)) = IK,pIIlp(c) ' 



On the other hand, 



111!* I|P - 27r(^)'?^ 

\'^a,p\\LP{C) ~ '^^ \ 2 I 



OO ^ . ^ -, __2£ 

cosh ( t 



oo 



dt 



Hence by setting: 



2p 



ds 



0(1 + s(p-2)/p) v-2 



we easily check pSh and the fact that Cp is monotonicahy increasing in p. The 
hmiting behavior of Cp stated in (fT3]) is a direct consequence of Lebesgue's 
dominated convergence theorem. □ 

We can now reformulate Theorem [T] in the cylinder C, in terms of u), as 
follows. 

Theorem 11. Let a 7^ and p > 2. 

(i) // \a\p > 2a/1 + a^, i/ien !F{wa,p) < !F{w*p). 

(ii) For every e > 0, there exists 5 > such that, if < \a\ < 6 and 
\a\ p < 2 — e , then !F{wa,p) = J^{w* p). 

Part (ii) of Theorem [TT] will be proved in the next section. Concerning 
part (i), we define the quadratic form 

QW = imwUo + Mhio - - 1) / \<pr' dx 

J c 

on H^{C). In fact, property (i) is a consequence of the following result, 
inspired by [U [9] (at least for the case a < 0) : 
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Proposition 12. Let a 7^ and p > 2. Then 

mr ^ = a + 1 ' 



J-^i^{t,0)de = 0, t G M a.e. 
fs achieved by 

ip{t,6) = {cosh({a + l)t)y^^^^''^\ with a = {p - 2) a/2 - 1 . 



In particular, if \a\p > 2\/\ + , t/ien it;* p is a critical point for T of 
saddle-type. 

Proof. Since w* p is a local minimum for when restricted to the set of 
functions independent of 0, to search for negative directions of the Hessian 
of around w^p, we have to analyze the quadratic form Q{^p) on the space 
of functions ip e H^{C) such that /^^ 0) d9 = for a.e. t G M. To this 
purpose, we use the Fourier expansion of ip, 

i>{t,e) = Y,fk{t)^, f-kit) =Tk{t) , 



+00 



dt 



Q(V^)=2^(||/^||i.(j,) + (a2+fe2)||M|2,(^^-(p-l) / K^r^l/, 
k=i 

Hence we obtain a negative direction for Q if and only if 

ii/'iii.(M)+(«' + i)ii/iii^(M)-(^'-i)/RKpr'i/i'rf* , 

i^a,p = urn < • 



fem(R)\{0} 11/11^2^ ^ 

Setting l + a = ip-2)a/2 and /? = a2p(p- l)/2 = 2 (1 + a)^ p (ji - - 
2)^ > 0, the question is reduced to the eigenvalue problem 

_j" ^ = A / 

(cosh((a + l)t))^ 

in H^{M.). The eigenfunction fi{t) = (cosh((Q: + l)t)) ^^^^ "^^ corresponds 
to the first eigenvalue Ai = — (ap/2)^. See [TUl [S] for a discussion of the 
above eigenvalue problem. Hence /i^^ = 1 + — (ap/2)^, and the proof is 
completed. □ 

4. A SYMMETRY RESULT 

The section is devoted to the proof of part (ii) of Theorem II 11 
Without loss of generality, by Lemma El we can restrict our analysis to 
the case a > 0. 

4.1. Pohozaev's identity. 

Lemma 13. If w £ II^{C) satisfies (dH), then for all t £ R, w = w{t,0) 
satisfies the identity 
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Proof. Multiply the equation in pT|) by ^ and integrate over [— tt, tt] to 



obtain: 



d'^w dw d'^w dw 9 dw 



dt^ dt de^ dt 



dt 



w de 



that is 



d / dw dw \ I 1 d 

' ae \ae at 



ot 



1 r d{wP) 



dt 



de . 



Since d0 = 0, we get 



d 
di 



-m) -[-de) 



w^ -\ — w^ 
P 



de = o 



for all f G M. Hence as a function of t, the above integral must be a constant. 
Since it is also integrable over M, then it must vanish identically. □ 



4.2. Proof of Theorem 1111, (ii). We argue by contradiction and suppose 
that there exists Eq G (0, 1) and, for all n S N, a„ > 0, p„ > 2, such that: 

(15) lim a„ = , anPn<2-eo and J^{wa„,p„) < J^{w* ) . 



For simplicity, set 



and w* = w* 



and recall that we can assume 



Wn{t,e) = Wn{-t,e) , 



-^{t,e)<0 \/t>0 and w„(0, 0) = max . 



Notice in particular that ^^{0,e) = for any e £ [— 7r,7r]. If we apply 
Lemma [13] to w = Wn and t = 0, we obtain 



Pn"'n I . ,2 , 



wl{<d,e)de <pnj wPr{o,e)de <pn\\wn\\f~^c) I «^n(o,^)rf0 



and deduce that 



Lemma 14. 



liminf p„ 11^"^^ 



„2 „2 



, ,, 71 II r 00 ^ 1 • 

Proof. We can write Wn{t., e) = ipn{t) + V'nl^, ^) with 

(^^(t) = — / Wn{t, e)de , / Vn(i, e)de = a.e. t G M and / . 
27r 7-7r 
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Multiplying ([TT]) by ipn and using the fact that J^^ '>pn{t, 9) d9 = for any 
teR,we find 



dt 



+ 



89 



<"-Vn dtd9 



LHC) 



<"~^ Vn dtd9- I vjP"-^ dt d9 
1 



I) 



Isifn + (1 - 



iPn-2 



< (pn - 1) ||t«n|li'L(c) ^ l^nP • 

By Poincare's inequality, we know that ||'0n||^2(-(^) 
proves the claim. 

Next we introduce the new parameters: 



^ II^IIl2(c)> and this 
□ 



Sn = — and ar. 

Pn 



-1 + (1 - = -1 + - (1 - En) anPn ■ 

En ^ 



Lemma 15. f/p to a subsequence we have: 

lim a„ = a G [—1, 0) , 

n— >+oo 

and lim„_^+ooPn = +oo, or equivalently, 



lim e„ = . 

n— »+oo 



Proof. From the condition: anPn < — ^o, we deduce that + 1 < (1 — 
En) (1 — eo/2). Thus, along a subsequence, we can assume that a„ converges 
to some a £ [—1,0) and liuin^^oo Pn G [2,oo]. 

To rule out the possibility that lim„_^+ooPn = p G [2,oo), notice that if 
this would be the case, then by Lemma \T0\ 



lim \\Wn\\LPn(C) = . 
n— >+oo ^ ' 

By applying local elliptic estimates in a neighborhood of the origin (0, 0) 
then we would deduce that lim„^+oo ||'W^n||L°°(C) = hiiin^+oo ^^n(0, 0) = 0, 
in contradiction with Lemma [TH □ 



Corollary 16. 



liminfu'„(0,0) > 1 



Proof. If by contradiction W6 BSSuniG that liminfT^ >-\~co 

Wn{0, 0) < 1, then 

|Pn-2 

Il°°(c) 

□ 



lim inf„^+oo ll^n||'r'L>/^-i = 0, and again this is impossible by Lemma [TH 



Lemma 17. 



lim sup Pn WWnlfjlo^c) < • 
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Proof. Argue by contradiction, and assume that, along a subsequence, 5„ = 
{Pn ll'"^nllL^(c)) ^^"^ converges to as n ^ +00. We consider the function 



Wn{t,9)=pn 



Wn{Snt, 5n0) 



«'n(0,0) 

defined in C„ = M x [— 7r/(5„, vr/5„], which satisfies 
(^^^ j = (1 + '^T'- 'IP-'i (1 + 2i) in C„ 

H'„<0 = H'„(0,0). 
Furthermore, by Lemma [T0\ we find 

1 + dx = / < Pn 

Pn ) u;„(0,0)^ jc u;„,(0,0)^ 

Recalhng that hminf^^+oo ""^nlO, 0) > 1 and hm„_^+oo OnPn = 2 (1 + a) 
by (fill) , we can pass to the hmit above and by virtue of (fT3l) - (fni) . conclude: 

^lirn^||l + H^„/p„||^",„(^^)<87r(l + a). 

Since the right hand side in (fT6l) is uniformly bounded in LJ^p(M^), we 
can use Harnack's inequality (see for instance O [T3] in similar cases) to 
deduce that Wn is uniformly bounded in L^^. Hence, by elliptic regularity 
theory, Wn is uniformly bounded in Cj^'". So we can find a subsequence 
along which Wn converges pointwise (uniformly on every compact set in M^) 
to a function W which satisfies 

(17) -b.W = e^ in 

Furthermore, by Fatou's Lemma, 

/ dx< lim / 1 + — < Svr (1 + q) < Svr , 

7]g2 n-*+oo ](,^ \ p^ ) 

as a G [—1,0). But this is impossible, since according to every solu- 
tion W oi ^ with G L^(M2), must satisfy /j^a dx = Svr (also see 

mm- □ 

Corollary 18. For a subsequence of \\wn\\L°°(c) = u^n(0, 0) (denoted the 
same way) we have: 

lim it)„(0, 0) = 1 , 
lim [u;„(0,0)]^" =0, 

lim Pn [wn{0,0)Y"-^ = fie [I, +00) . 
n— >+oo 

Proof. The existence of a limit /x > 1 is just a consequence of Lemmata O 
and 1171 Furthermore by Lemma [T5l pn = 2/e„ +00 as n ^ +cxd, which 
proves that [?/;„(0, 0)]^" converges to 0. Finally, according to Corollarv [161 
liminf„_>+oo ifn(0, 0) > 1 and if this limit were not 1, we would get a con- 
tradiction to the existence of fi. □ 
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Define the function 
It satisfies: 

-AVn=Pn{wn{0,0)Y"-^ (l + —Y" -alpn(l + —) in C, 

\ Pn / \ Pn / 

Vn<0 = K(0, 0) , Vnit, •) is 27r-periodic . 
We also observe that 

Pn {wn{0,0)Y" / (l + — dx=pn I \Wn\^- dx < p„ / dx 

and by ([HI), lim„^ooPn l^nl^" = 8 vr (a + 1). In particular, by Corol- 
lary [181 we obtain 

lim p„(u;„(0,0))^""^ /fl + — y"dx < 8^(1 + a). 

Lemma 19. Up to a subsequence, Vn converges to a function V pointwise 
and C'^ -uniformly on any compact set in M x [— 7r,7r]. Furthermore V satis- 
fies: 



(18) 



—AV = fxe^ in C , 

maxc V <0 = V{0, 0) , V{t, •) is In-periodic V t G M 
^ij^ e^ dx < 87r(l + a) , 
dV 

v{t,d) = v{-t,e) , — (t,e)<o vt>o, yee[-TT,7T], 



and 
(19) 



Proof. Since —AVn is uniformly bounded in Lj^^(R ), by Harnack's inequal- 
ity, we see that Vn is uniformly bounded in L^^. Hence, by elliptic regularity 
theory, Vn is uniformly bounded in Cj^'^. Therefore, up to a subsequence, 
Vn converges pointwise, and uniformly on every compact set in C, to a func- 
tion V which satisfies ()18p with < 1 + a < 1 , and also inherits the symmet- 
ric properties oiVn- To obtain (I19p observe first that the result of Lemma [T3] 
can be rewritten as follows, 

for any t G M, and that Wn converges uniformly to 1 on any compact set in 
M X [— 7r,7r]. Hence by means of Lemma [15] and Corollary 118^ we can pass 
to the limit in the above identity and deduce (llOp . □ 
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Lemma 20. The following estimates hold: 



lim pn 



e^ dx 



iPn 



* IIPIl 



lim 



1 + ^1 dx 

Pn 







a + 1 



Moreover, 

and V takes the form 
(20) V{t) 



-2 log [cosli((a + l)t)] 



Proof. In order to identify the given solution of (jlSp . we consider the func- 
tion if expressed in polar coordinates as follows: 

(^(r,6') = y(- log r, 6*) - 2 log r + log /i Vr>0, V 6* G [-vr, vr] . 

By straightforward calculations we see that satisfies: 



.A(^ = -- (Vu + Vee) i-logr,0) = e^ 



m 



e^dx < 87r(l + 



a 



-7r,7r 



and 

(21) ip{r^^ , e) = ip{r,e) +4logr Vr>0, V 6* G ^ 

A classification result of Chou and Wan (see [7, Theorem 3, 1.] and [8]) 
concerning solutions of Liouville equations on the punctured disk allows us 
to conclude that (in complex notations): 

( , 1 [ 8\f'iz)\^ 
(pizj = log ^ 

with / locally univalent in C\{0}, possibly multivalued and, 

(i) either f{z) = z'^ g{z), 

(ii) or f{z) = (p{^/z) and (piz) 0(-z) = 1, 

where g and (p are holomorphic in C \{0}. Since the case (ii) implies that 4> 
must admit an essential singularity either at the origin or at infinity, this 
can be excluded in account of the integrability condition of e*^. 

On the other hand, in case (i), if we take into account the fact that f'^0 
for any 2; 7^ 0, and the integrability of e*^, we can allow only the choice: 

f{z) = a (z^+i - b) , 

with (3 £ M, a, b £ C and 6 7^ only if /3 + 1 G N (as otherwise (/? would be 
multivalued). For the corresponding solution (/? we find: 

\ 8A(/3 + l)^|zp/^ 
The symmetry property (j2ip implies that 
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and so, necessarily 6 = and A = 1. Hence, 

K/3 + l)2r2/3 



99(z) = ip{r) = lo, 
By direct calculation, we get 



1^1 + r2(/3+l))^ 



/ 



e'^ dx = Svr (1 + ^) < Svr (1 + a) . 



In other words, — l</3<a<0. As a consequence, we find that V = V{t) 
is given by 

2(/? + l)2 



V (t) = ^{e~') -2t- log fi = log 



^(cosh((/3 + l)t))' 



with -1 < P < a <0. The condition V{0) = implies ^^ = 2{P + lf. 
On the other hand, from (I19p we also have: 

4(/3 + l)2 



that gives: 



4(/3 + l)' 



sm. 



h((/3 + l)t))^ 



cosh((/? + ' 

4(/3 + l)2 



4(1 + a) 



^cosh((/3 + l)t))" (cosh((/3 + l)t))^ 

and we get P = a. Therefore ([20|) is established and necessarily 



lim pn (u;„(0,0))^" 



1 + 



Pn 



dx = 2{a + iy I dx = 87r(a + 1) . 



Thus, by recalling (I14p . we complete the proof. 
Define 



□ 



sup 
c 



Wr, 



Pn-2 



Lemma 21. With the above notations, lim„^+oo = 0. 

Proof. Fix e > and choose > sufficiently large so that 

eV{Re) ^ I < £ 

(cosh((a + l)i?e))^ 4' 

Furthermore, {wnit,9)/wn{0,0)f"~'^ = (1 + K/PnF"~^ converges to 
uniformly on any compact set in M x [— 7r,7r], and so we can find £ f 
such that for all n > n^, 

■Wn{t,e)\Pn-2 



sup 

\t\<Re , |0|<7r 



e 

< 4 



Wn{0,0). 

Thus, recalling that {wn{t,e)/wn{0,0)f"' and are even in t and mono- 
tone decreasing in t > by Lemma [T9l for n > "/ig we find the estimate 

Wn{t,e)\Pn-2 ^ 



sup 

\t\<Re , |6'|<vr 



-Wn(t,6') \Pn-2 
t«n(0,0) 



+ sup 



(0,0) J 



+ sup e 

|i|>ij, 



<£/4 



eV'(-R£)+£/4<£/2 
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which proves the result. □ 
Lemma 22. For n large enough, we have Wn = "W* . 

Proof. Let Xn = dwn/dO. Clearly f^^ Xnit, 9) dO = 0, and since Wn G H^{C), 
then Xn G -^^(C). Moreover, Xn satisfies 

-AXn + alxn = {Pn - 1) {wn(t, 9)Y"~^ Xn 

(in the sense of distributions), where 

{pn - 1) {wnitn,e)Y"'\n < {Pn " 1) K (0, O)^-^ ( ^^^I^Ml) |x„ | 

< (p„-l)K(0,0)r"-2|x„|GL2(C). 
In other words, —Axn + CL^Xn ^ -^^(C), and hence Xn G H^{C) satisfies: 

llVXnllia+a^llxnlli^ = (p„-l) 



By Proposition 1121 we know that if tp H^[C) and f^^'tp{t, 
t € M, then 



a.e. 



l|v^lli-/?„ 



dtdO > 



Ic (cosh((a„ + l)t)) 
with (3n = a^Pn {Pn — l)/2- Passing to the limit as n ^ +oo, we get 

Jc (cosh((a + l)t)) 
Consequently, for = Xn, we obtain 



dtdO > 



1_(« + 1)2 



0= \\VXn\\l + al\\Xn\\h-iPn-l) fc{wn{t,e)Y" \ldx 
= WVXnWh - 2 (« + 1)' Ic (eosh((^"+l).))- + < ll^«lli^(C) 

+(p„-l)K(0,0))^"~' 
+ [2 (a + 1)2 - {p^ - 1) (m„(0, 0))P"-2] ^ 
> [1 + a2 - (a + 1)2 - (p„ - 1) (ii;„(0, 0)) 



(cosh((a+l)t))^ VtUnCO.O) y 
,2 



+ [2 (a + 1)2 - (p„ - 1) (u;„(0,0))f"-2] ^ 



« >n(t,e) \P"~2- 

0,1 

X: 

c (cosh((a + l)t))^ 

fn] IIXri|li2(c) 
Xn 



(cosh((a + l)t))' 



Xn 



dx 



dx 



with r„ = supc I (wnit, 9)/wn{0, 0))^" — e^\. Recall that by Lemma [20| 
lim (p„ - l)(u;„(0, 0))P"-2 = = 2 (a + 1)2 , 

n— >+oo 

and by Lemma EH lim„^+oo r„ = 0. Since a,i — > as n ^ +oo and 
(1 + a)2 < 1, we readily get a contradiction for large n, unless Xn = 0. This 
means that Wn is independent of the variable ^, and so Wn = w"^. □ 
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5. Concluding remarks 

It is interesting to note that, via the Emden- Fowler transformation Q 
for any a > — 1, inequality ^ can be stated on the space 

{8^ = i^w = w{t,d) e L^{C,diyc,) : \Vw\ e L^{C,dx)^ 

where 

a + 1 dt 

dVn '■- 



2 [cosh((a + l)t)]^ ■ 
Proposition 23. If a > —1, then 

[ ^u,-S^n,du^ , < ^,,3^(||V«,i|^,^^,+a(a+2)i|S,«,|P^,^^^) ^^^^ 



As in Section [2.11 when a < 0, there holds 



c 

with extremals obtained from ()20p up to translations, scalings and addition 
of constants. 

However, when a > 0, while the latter inequality is always valid for 
functions depending only on the variable t € M, in general it fails to hold in 

■ 

The above inequality is one of the three equivalent versions of the weighted 
Moser-TVudinger inequalities that we prove in this paper: on the sphere 5^, 
on the euclidean space and on the cylinder C. The symmetry breaking 
phenomenon is easily understood in this case, as clearly, the corresponding 
extremals are symmetric if and only if a G (—1, 0]. 

On the contrary, the symmetry breaking phenomenon in Caffarelli-Kohn- 
Nirenberg inequality is a more subtle issue, since it is less evident how the 
weights conspire against symmetry. Our key observation is that weighted 
Moser-Trudinger inequalities appear as limits of Caffarelli-Kohn-Nirenberg 
inequalities in an appropriate blow-up limit. In this asymptotics, the case 
b < h{a) yields to a > 0, while the case b > h{a) leads to a G (—1,0). 

Appendix. The dilated stereographic projection 

We use spherical coordinates {4>,9) G [-f , f] x [0, 27r) on S'^ C and 
radial coordinates (r, 9) G [0, oo) x [0, 2tt) on E?. By definition of the dilated 
stereographic projection, we have 

2 ^2(a+l) _ 

COS 6 = —, — — T- and sin 6 = —. — —r , 

^ 1 _|_ ^2(q+1) ^ I _^ ^2(o+l) ' 

from which we deduce 

# _ 4 (a + 1) r2°+i 

The normalized measure of the sphere S"^ is given by 

1 , d6 
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and a simple change of variables shows that, if u{(j),9) = v{r,9), then 



/ f{u) da= [ 



COS 4> d<t) dO 

f[v) — dr — 

■'^ ' 2 dr 2tx 



f{v)dnc 



where d/ic 



rdrdO. Using spherical and radial coordi- 



nates respectively on S*^ and M? , the expressions of the gradients are given 
respectively as follows 

^ \dgu\^ and \Vv\^ = \drv\^ + \\der\^ . 



COS^ (f) 



Knowing that d^j^u = drV , we get 

/ \dsufda = / \drvf ^ 

JS2 JR2 2 



-r- 1 dr — 



27r 47r (a 



7 / Idrvl"^ r dr d6 . 

^+1) 7lR2' ' 



While using that dgu = dgv, we get 



S2 



cos^ yR2 



1 d<f> de _a + l f \d0v\ 



— dr — 

2 cos 6 dr 2tt 



rdrdO 



Thus, observing that (a + 1)^ — 1 = a (a + 2), we conclude 



/S2 



\Vu\^ da = [ \Vvfdx + a{a + 2) [ 
47r (a + 1) [7^2 U 



\dev\ 



rdrdO 
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